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Abstract
The purpose of this article is to extend the wavelet transform to quaternion algebra using the kernel
of the two-sided quaternion Fourier transform (QFT). We study some fundamental properties of this ex-
tension such as scaling, translation, rotation, Parseval’s identity, inversion theorem, and a reproducing
kernel, then we derive the associated Heisenberg-Pauli-Weyl uncertainty principle UP. Finally, using
the quaternion Fourier representation of the CQWT we generalize the logarithmic UP and Hardy’s UP
to the CQWT domain.
Key words: quaternion algebra; quaternion Fourier transform; Admissible quaternion wavelet; Uncer-
tainty principle.
1 Introduction
The wavelet transform (WT) is of great importance due to its applications in different disciplines in-
cluding: signal analysis, image processing and denoising, pattern recognition, quantum mechanics, as-
tronomy, sampling theory and other fields. The WT was introduced in the classical case, at first for
one dimension by Grassman and Morlet [11], Later Murenzzi [18] generalized the WT to more than one
dimension. Thereafter Brackx and Sommen extended the classical wavelets to Clifford algebra [4, 5].
Considering quaternion algebra as a special case of Clifford algebra, the generalization of the WT to the
quaternion framework came quite naturally [19], [20]. In Ref. [19], Traversoni proposed a discrete quater-
nion wavelet transform using the (two-sided) quaternion Fourier transform (QFT).
Our contribution to these developments is that we introduce the two-dimensional continuous quaternion
wavelet transform by means of the kernel of the two-sided QFT, and using the similitude group of the
plane. We thoroughly study this generalization of the continuous wavelet transform to quaternion algebra
which we call the two-sided continuous quaternion wavelet transform CQWT.
To the best of our knowledge, the study of a CQWT from the similitude groupe SIM(2) using the kernel
of the two-sided QFT, has not been carried out yet. Int this regard, the novelty in the present work can be
staded as follows: following the same processus as in Clifford case [14], and CQWT case based on the
kernel of the right sided QFT [1], we construct our new transform and investigate its important properties
such as linearity, scaling, rotation, inversion formula, reproducing kernel.., we show that these properties
of the two-sided CQWT can be established whenever the quaternion wavelet satisfies a particular admis-
sibility condition. Even our generalization does not verify the spectral QFT representation property*used
on the case of the two-dimensional CQWT based on the kernel of the (right-sided) QFT [1] which was the
key to the demonstration of the Heisenberg principle. However, one could establish the Heisenberg-Pauli-
Weyl UP related for the two-sided CQWT using the UP and derivative theorem of the two-sided QFT.
†Corresponding author.
*unless the two-sided QFT of a function commute with the quaternion basis vector e2 , see lemma 4.5 in the present paper.
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The hope is that such a transform could be useful in signal processing and optics.
The manuscript is structured as follows: The remainder of the section 2 briefly reviews quaternions and
the two-sided QFT. In section 3, we discuss the basis ideas for the construction of a CQWT based on the
two-sided QFT, and derive some important properties, We then, in section 4, prove the Heisenberg-Pauli-
Weyl inequality related to the CQWT, and extend the corresponding results of logarithmic UP and Hardy’s
UP to the CQWT domain respectively. Finally, a conclusion is given in section 5.
2 Preliminaries
The quaternion algebraH overR, is a special Clifford algebraCl0,2, it is an associative non-commutative
four-dimensional algebra, its basis : e0, e1, e2, e3 satisfies Hamilton’s multiplication rules
e21 = e22 = −1, e1e2 = e3, e1e2 = −e2e1.
Let q = ∑k=3k=0 qkek, q′ = ∑k=3k=0 q′kek ∈ H.
Then the product qq′ is given by
qq′ = (q0q′0 − q1q′1 − q2q′2 − q3q′3)e0 + (q1q′0 + q0q′1 − q3q′2 + q2q′3)e1 + (q2q′0 + q3q′1 + q0q′2 − q1q′3)e2 + (q3q′0 −
q2q
′
1 + q1q′2 + q0q′3)e3.
We define the conjugation of q ∈ H by :
q = q0e0 − k=3∑
k=1
qkek.
The quaternion conjugation is a linear anti-involution
qp = p q, p + q = p + q, p = p. (2.1)
The modulus of a quaternion q is defined by:
∣q∣ = √qq = √q02+ q12+q22 + q32.
It is easy to verify that:
∣pq∣ = ∣p∣∣q∣.
And 0 ≠ q ∈ H implies :
q−1 = q∣q∣2 .
This means that H is a normed division algebra.
Definition 2.1. A quaternion module L2(R2,H) is given by
L2 (R2,H) = {f = k=3∑
k=0
fkek ∶ R2 → H, fk ∈ L2 (R2,R) k = 0,1,2,3},
Let the inner product of f, g ∈ L2(R2,H) be defined by
(f, g) ∶= ∫
R2
f(x) g(x)dx. (2.2)
If f = g, we get the associated norm:
∥f∥L2(R2,H) = √(f, f) = √∫
R2
∣f(x)∣2dx,
From (2.2), we obtain the quaternion Schwartz’s inequality
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∀f, g ∈ L2 (R2,H) ∶ ∣∫
R2
f(x)g(x)dx∣2 ≤ ∫
R2
∣f(x)∣2dx∫
R2
∣g(x)∣2dx.
We denote by S(R2,H), the quaternion Schwartz space of C∞- functions f , from R2 to H, that for all
m,n ∈ N
supt∈R2,α1+α2≤n((1 + ∣t∣)m∣ ∂α1+α2∂t1α1∂t2α2 f(t)∣Q) < ∞,where (α1, α1) ∈ N2.
Let SIM(2)denote the similitude group, a subgroup of the affine group of R2, which is given by
SIM(2) = (R∗+ × SO(2)) ⊗R2,= {(a, rθ, b), a > 0, θ ∈ [0,2pi[, b ∈ R2}.
Where SO(2), is the special orhtogonal group of R2.
The group law of SIM(2) is given by {x, b}{x′, b′} = {xx′, xb′ + b}, where x = ar, r ∈ SO(2).
The rotation operator rθ ∈ SO(2) acts on x = (x1, x2) ∈ R2 as usual,
rθ (x) = ( cos(θ) sin(θ)−sin(θ) −cos(θ) )( x1x2 ) , 0 ≤ θ < 2pi. (2.3)
We define L2 (SIM (2) ,H) as follows:
L2 (SIM (2) ,H) = {f (a, θ, b) ∶ ∫ +∞0 ∫SO(2) ∫R2 ∣f (a, θ, b) ∣2dµ(a, θ)db < +∞},
where dµ(a, θ)db is the left Haar measure on SIM(2) with dµ(a, θ) = a−3dadθ and dθ is the Haar measure
on SO(2).
Let L∞(SIM(2),H) be the collection of essentially bounded measurable functions f with the norm∥f∥L∞(SIM(2),H) = ess sup(a,rθ,b) ∈ SIM(2) ∣f (a, θ, b)∣ .
If f ∈ L∞(SIM(2),H) is continuous, then ∥f∥L∞(SIM(2),H) = sup(a,rθ,b)∈SIM(2).
For the sake of simplicity, We write L2 (SIM (2) ,H) as L2(SIM (2) ,H, dadθdb) and dµ(a, θ) = dµ
and write the element f(a, θ, b) of L2 (SIM (2) ,H) as f(a, rθ, b).
We introduce an inner product for f, g ∶ SIM (2)→ H as follows :
< f, g >= ∫
SIM(2)
f (a, θ, b) g (a, θ, b)dµdb, (2.4)
and we obtain L2 (SIM (2) ,H) − norm
∥f∥2L2(SIM(2),H) = ∫
SIM(2)
∣f (a, θ, b)∣2dµdb. (2.5)
Definition 2.2. (the two-sided QFT)
The two-sided QFT with respect to e1, e2 [15], is defined by:
For f in L1 (R2,H) ,
F e1,e2{f}(u) = fˆ(u) = ∫
R2
e−2pie1u1t1 f(t)e−2pie2u2t2dt, where t, u ∈ R2. (2.6)
Lemma 2.3. Inverse QFT ([6], Thm. 2.5)
For f, fˆ ∈ L1 (R2,H), the inverse transform for the QFT is given by F−e1,−e2
f(t) = F−e1,−e2 {fˆ (ξ)} (t) = ∫
R2
e2pie1ξ1t1 fˆ(ξ)e2pie2ξ2t2d2dξ. (2.7)
Lemma 2.4. Derivative theorem (QFT) ([6], Thm. 2.10)
If f, ∂
m+n
∂mx1
∂nx2
f ∈ L2 (R2,H) for m,n ∈ N,
Then
F e1,e2{ ∂m+n
∂mx1∂
n
x2
f(x)} (ξ)=(2pi)m+n(e1ξ1)mF e1,e2{f(x)} (ξ) (e2ξ2)n. (2.8)
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Lemma 2.5. QFT of laplacian
Let f, ∂
2
∂2x1
f ∈ L2 (R2,H) , l = 1,2
One has
F e1,e2{△f} (ξ)= −(2pi)2∣ξ∣2F e1,e2{f} (ξ) ,
where △ stands the Laplace operator △ = ∑l=2l=1 ∂2∂2xl .
proof. by linearity of F e1,e2, and using (2.8) we get
F e1,e2{△f (x)}(ξ) = F e1,e2{ ∂2
∂2x1
f (x)} (ξ) +F e1,e2{ ∂2
∂2x2
f (x)} (ξ)
= (2pi)2(e1ξ1)2F e1,e2{f(x)} (ξ)+(2pi)2F e1,e2{f(x)} (ξ) (e2ξ2)2= −(2pi)2 (ξ12+ξ2)F e1,e2{f (x)} (ξ)= −(2pi)2∣ξ∣2F e1,e2{f(x)} (ξ) . ◻
The following lemma states the Plancherel’s formula, specific to the two-sided QFT ,
Lemma 2.6. Plancherel theorem for (QFT) ([7], Thm 3.2)
For f, g ∈ L2 (R2,H) ∶
(f, g) = (F e1,e2f,F e1,e2g). (2.9)
In particular , if f = g, we find Parseval’s formula,
∥f∥2L2(R2,H) = ∥F e1,e2∥2L2(R2,H). (2.10)
The next lemma states that the QFT of a Gaussian function, is also a Gaussian function.
Lemma 2.7. QFT of a Gaussian([8], Lem. 3.5)
F e1,e2 {e−pi∣x∣2} (y) = e−pi∣y∣2, (2.11)
where x, y ∈ R2.
Lemma 2.8. SO(R2) transformation of the QFT
The QFT of a signal f ∈ L2(R2,H), with a SO(R2) transformation A = ( cos(θ) −sin(θ)
sin(θ) cos(θ) ),
is given by
F e1,e2{ f(Ax)}(ξ) = 1
2
{fˆ(Aξ) + fˆ(A−1ξ) + e1[fˆ (Aξ) − fˆ(A−1ξ)]e2}. (2.12)
Proof. The proof was first given by Thomas Bu¨low ([6], Thm. 2.12) for a real 2D signal f ∈ L2(R2,R).
After, the result was generalized by Eckhard Hitzer (([13], Thm. 2.6) for f ∈ L2(R2,H).
3 Construction of The quaternion Algebra- Valued Wavelet Trans-
form
3.1 Admissible quaternion Wavelet
Definition(admissibility condition)
A two-sided admissible quaternion wavelet is a function ϕ ∈ L2 (R2, H) , not identically zero, satisfying
0 < Cϕ = ∫
R+
∫
SO(2)
∣F e1,e2 {ϕ(r−θ (.))} (aξ)∣2 dθa−1da < +∞. (3.1)
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(3.1) is called the admissibility condition, it is given in order to have the two-sided CQWT satisfy a
Parseval formula.
Let AQW ={ϕ ∈ L2 (R2, H) , satisfying (3.1)}
The inner product of AQW is given by
< ϕ1, ϕ2 >AQW = ∫
R2
ϕ̂1(ξ)ϕ̂2(ξ)∣ξ∣−2dξ.
As a consequence, AQW is a left H-module.
Using the same technique as in the case of the classical wavelets, the two-dimensional quaternion
wavelet ϕ(a,θ,b) can be obtained from a mother ϕ ∈ L2 (R2,H) by the combination of dilation, translation
and rotation as
ϕ(a,θ,b) (x) = 1
a
ϕ(r−θ (x − b
a
)), (3.2)
Where a ∈ R+, b ∈ R2, rθ is the rotation given by (2.3).
Remark 3.1. We note that if ϕ ∈ L2 (R2,H) , then ϕ(a,θ,b) ∈ L2 (R2,H) .
Indeed
∥ϕ(a,θ,b)∥2L2(R2;H) (12)
=
1
a2
∫
R2
∣ϕ(r−θ (x − b
a
))∣2dx
=∫R2 ∣ϕ(y)∣2dy = ∥ϕ∥2L2(R2,H).
Remark 3.2. Generally < ϕ1, ϕ2 >AQW is quaternion-valued, so it cannot be taken out of inner product,
but if ϕ1 = ϕ2, then < ϕ1, ϕ2 >AQW= Cϕ1 is real-valued.
Lemma 3.3.
ϕ̂a,θ,b (ξ) = a e−2piξ1b1e1F e1,e2{ϕ(r−θ(.))}(aξ)e−2piξ2b2e2. (3.3)
Proof.
ϕ̂a,θ,b (ξ) = 1
a
∫
R2
e−2piξ1x1e1 ϕ(r−θ (x − b
a
)) e−2piξ2x2e2dx
= a ∫R2 e−2pie1ξ1(ay1+b1) ϕ(r−θ(y)) e−2pie2ξ2(ay2+b2)dx
= ae−2piξ1b1e1 ∫R2 e−2piaξ1y1e1 ϕ(r−θ(y)) e−2piaξ2y2e2dye−2piξ2b2e2
= ae−2piξ1b1e1F e1,e2 {ϕ(r−θ (.))} (aξ)e−2piξ2b2e2 . ◻
Example 3.4. Let f (t) = e−pi∣t∣2 , (2.11) yields F e1,e2{− 1
4pi2
△ f}(ξ) = (2pi)2∣ξ∣2e−pi∣ξ∣2.
Now, we take
ϕ (t) = − 1
4pi2
△ f (t) , t ∈ R2.
Let’s prove that ϕ belongs to AQW.
While it is obvious that ϕ ∈ L2 (R2,H) , it has yet to be shown that
Cϕ = ∫
R+
∫
SO(2)
∣F e1,e2{ϕ(r−θ(.))}( a ξ)∣2dθa−1da < +∞.
Applying lemma 2.8, we have that for all rθ ∈ SO (2) , a > 0
F e1,e2 { ϕ (r−θ (.))} ( a ξ) = 1
2
{ϕ̂(a r−θ(ξ)) + ϕ̂(a rθ(ξ)) + e1(ϕ̂ (a r−θ(ξ))−ϕ̂ (a rθ(ξ))e2}
= a2∣ξ∣2e−pia2 ∣ξ∣2.
Where in the last equality we applied ∣rθ(ξ)∣= ∣rθ(ξ)∣= ∣ξ∣.
Thus we have
Cϕ = ∫
R+
∫
SO(2)
∣F e1,e2{ ϕ(r−θ(.))}( a ξ)∣2dθa−1da
= 2pi∣ξ∣4∫ +∞
0
a3e−2pia
2 ∣ξ∣2da < +∞. ◻
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Remark 3.5. As F e1,e2 { ϕ (r−θ (.))} ( a ξ) in example 3.4, is real-valued function, then it commutes with
e2, hence one see that the wavelet in this example satisfy the assumption of the main theorems of this
article.
Furthemore
ϕ̂ (0)= 0, Then ∫R2 ∑k=3k=0ϕk(x)ek dx=0,
That is ∫R2 ϕk(x)=0, k=0,1,2,3.,
which means, similar to classical wavelets, that the integral of every component ϕk is zero.
3.2 Two- Dimensional Continuous quaternion Wavelet Transform
Definition 3.6. Let ϕ ∈ AQW, the two-sided CQWT ∶ Tϕ is defined by
Tϕ ∶ L2 (R2,H)→ L2 (SIM(2),H)
f ↣ Tϕf ∶ (a, θ, b) ↣ Tϕf (a, θ, b) = (f,ϕa,θ,b) = ∫
R2
f(x) 1
a
ϕ(r−θ(x − b)
a
)dx. (3.4)
We now investigate some basic properties of the CQWT:
3.3 Its Properties
Proposition 3.7. Let ϕ,ψ are quaternion admissible wavelets.
If f, g ∈ L2(R2,H), then
(i) Left linearity: Tϕ(λf +µg) (a, θ, b) = λTϕf (a, θ, b)+µTϕg (a, θ, b) . For arbitrary quaternion constants
λ,µ ∈ H.
(ii) Anti-linearity: Tλϕ+µψf (a, θ, b) = Tϕf (a, θ, b)λ + Tψf (a, θ, b)µ. Where λ and µ are constants
in H.
(iii) Scaling: Tϕf (c.) (a, θ, b) = 1cTϕf (c.) (ca, θ, cb) ∶ c ∈ R∗.
(iv) Translation: Tϕτcf (a, θ, b) = Tϕf (a, θ, b − c) . where c ∈ R2, and τc is the translation operator given
by τcf (.) = f(. − c).
(v) Rotation: Tϕf(rω.) (a, θ, b) = Tϕf (a, θ + ω, rω (b)), where rω is a rotation.
Proof.
(i) For λ,µ ∈ H, we have Tϕ (λf + µg) (a, θ, b) = (λf + µg,ϕa,θ,b)= λ (f,ϕa,θ,b) + µ(g,ϕa,θ,b)
=λTϕf (a, θ, b)+µTϕg (a, θ, b) .
(ii) For λ,µ ∈ H, we have Tλϕ+µψf (a, θ, b) = ∫R2 f ( t) 1a(λϕ + µψ)(r−θ( t−ba )dt= ∫R2 f ( t) 1aϕ(r−θ( t−ba )dtλ+∫R2 f ( t) 1aψ(r−θ( t−ba )dtµ= T ϕf (a, θ, b)λ + Tϕf (a, θ, b) µ.
(iii) For c ∈ R∗, we have Tϕf (c.) (a, θ, b) = (f (c.) , ϕa,θ,b)= ∫R2 f(ct)1aϕ(r−θ( t−ba )dt
=1
c ∫R2 f(u)1aϕ(r−θ(u−bcac )du
=1
c
Tϕf (c.) (ca, θ, cb) .
(iv) For c ∈ R2, we have Tϕτcf (a, θ, b) = (τcf,ϕa,θ,b)
=∫R2 f(t − c)1aϕ(r−θ( t−ba )dt
=∫R2 f(u) 1aϕ(r−θ(u−(b−c)a )du (By change of variable t − c = u)
=Tϕf (a, θ, b − c) .
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(v) Applying (3.4) and using the fact that r−1ω = r−ω, and rθrω = r(θ+ω), we obtain
Tϕf(rω.) (a, θ, b) = ∫R2 f(rωt)1aϕ(r−θ ( t−ba ))dt= ∫R2 f(u)1aϕ(r−θ ( r−ωu−ba )) det−1(rω)du= ∫R2 f(u)1aϕ(r−θr−ω (u−rω(b)a ))du= ∫R2 f(u)1aϕ(r−(θ+ω) (u−rω(b)a ))du
=Tϕf (a, θ + ω, rω (b)) ◻ .
Theorem 3.8. (Parseval’s identity for the CQWT).
Suppose that ϕ ∈ AQW be a quaternion admissible wavelet, and assume that F e1,e2 {ϕ (r−θ (.))}
commute with e2, then for every f, g ∈ L2(R2,H), we have
< Tϕf,Tϕg > = Cϕ(f, g). (3.5)
Proof. < Tϕf,Tϕg > = ∫SIM(2) Tϕf(a, θ, b)Tϕg (a, θ, b)dµdb
=∫SIM(2) [∫R2 f(x) ϕa,θ,b(x)dx ][∫R2 g(y) ϕa,θ,b(x)dy]dµdb
(2.9)
=
∫
SIM(2)
[∫
R2
fˆ(ξ) ϕ̂a,θ,b(ξ)dξ][∫
R2
gˆ(η) ϕ̂a,θ,b(η)dη]dµdb
= ∫SIM(2) [∫R2 fˆ(ξ)e2piξ2b2e2F e1,e2 {ϕ(r−θ (.))} (aξ)e2piξ1b1e1dξ]
×[∫R2 e−2piη1b1e1F e1,e2 {ϕ(r−θ (.))} (aη)e−2piη2b2e2 gˆ(η)dη]]a−1dadθdb
(By (2.1) and (3.3)).
Since F e1,e2 {ϕ (r−θ (.))} commute with e2, we have< Tϕf,Tϕg > = ∫ +∞0 ∫SO(2) ∫R2 ∫R2 fˆ (ξ) [∫R2 e2pib2(ξ2−η2)e2e2pib1(ξ1−η1)e1db] F e1,e2 {ϕ(r−θ (.))} (aξ)
×F e1,e2 {ϕ(r−θ (.))} (aη) gˆ (η)dηdξdθa−1da= ∫ +∞0 ∫SO(2) ∫R2 ∫R2 fˆ (ξ) δ(ξ−η)F e1,e2 {ϕ(r−θ (.))} (aξ)F e1,e2 {ϕ(r−θ (.))} (aη) gˆ (η)dηdξdθa−1da,
In the second equality we applied the orthogonality of harmonic exponential functions.
Furthermore, we get< Tϕf,Tϕg >= ∫ +∞0 ∫SO(2) ∫R2 fˆ (ξ)F e1,e2 {ϕ(r−θ (.))} (aξ)F e1,e2 {ϕ((r−θ (.))} (aξ) gˆ (ξ)dξa−1dθda
Fubini
= ∫R2 fˆ (ξ) [∫R+ ∫SO(2) ∣F e1,e2 {ϕ(r−θ (.))} (aξ)∣2 dθa−1da]ĝ (ξ)dξ
= (fˆCϕ, gˆ) (by and (2.2) and (3.1))= Cϕ (fˆ , gˆ) (Cϕ is a real constant)= Cϕ(f, g). (by using (2.9)) .
Hence the theorem follows. ◻
Remark 3.9. Theorem 3.5 could be interpreted as preservation of energy by CQWT.
The following corollary follows directly from Theorem 3.5.
Corollary 3.10. (Plancherel’s Formula for CQWT).
Suppose that ϕ is quaternion admissible wavelet with F e1,e2 {ϕ (r−θ (.))} commute with e2,
then for every f ∈ L2(R2,H) we have
∥Tϕf∥2L2(SIM(2),H) = Cϕ ∥f∥2L2(R2,H). (3.6)
Thus, exept for the factor Cϕ, CQWT is an isometry from L2(R2,H) to L2(SIM(2),H).
The inversion formula for the CQWT is given by the following theorem .
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Theorem 3.11. (Inversion theorem for CQWT).
If f ∈ L2(R2,H), then f can be reconstructed by the formula
f (t) = 1
Cϕ
∫
SIM(2)
Tϕf (a, θ, b)ϕa,θ,bdµdb. (3.7)
Proof. Applying theorem 3.5, we obtain for every g ∈ L2(R2,H),
Cϕ(f, g) = ∫SIM(2) Tϕf(a, θ, b)Tϕg (a, θ, b)dµdb
=∫SIM(2) Tϕf(a, θ, b) ∫R2 ϕa,θ,b(t)g(t)dtdµdb
=∫R2 [∫SIM(2) Tϕf (a, θ, b)ϕa,θ,b(t)dµdb]g (t)dt
= (∫
SIM(2)
Tϕf (a, θ, b)ϕa,θ,b (t)dµdb, g). (3.8)
Where in the third equality we applied Fubini’s theorem to interchange the order of integrations.
Since (3.8) holds for every g ∈ L2(R2,H), it follows, therefore
f(t) = 1
Cϕ ∫SIM(2) Tϕf (a, θ, b)ϕa,θ,b (t)dµdb. ◻
Next, let’s establish the Reproducing kernel theorem of CQWT
Theorem 3.12. (Reproducing Kernel).
Let ϕ be a quaternion admissible wavelet.
We have
Tϕ′f(a′, θ′, b′) = 1
Cϕ
∫
SIM(2)
Tϕf (a, θ, b) (ϕa,θ,b, ϕ′a′,θ′,b′)dµdb. (3.9)
Proof. Tϕ′f(a′, θ′, b′) = ∫R2 f(t)ϕ′a′,θ′,b′(t)dt (by (3.4))
=∫R2 [ 1Cϕ ∫SIM(2) Tϕf (a, θ, b)ϕa,θ,b (t)dµdb]ϕ′a′,θ′,b′(t)db (by applying (3.7))
= 1
Cϕ ∫SIM(2) Tϕf (a, θ, b) [∫R2 ϕa,θ,b (t)ϕ′a′,θ′,b′(t)dt]dµdb
= 1
Cϕ ∫SIM(2) Tϕf (a, θ, b) (ϕa,θ,b, ϕ′a′,θ′,b′)dµdb.
which completes the proof. ◻
Theorem 3.13. Let ϕ be a quaternion admissible wavelet.
For every f ∈ L2(R2,H), we have Tϕf ∈ Lp (R2,H) ,2 ≤ p ≤∞.
And the following inequality holds
∥Tϕf∥Lp(SIM(2),H) ≤ C 1pϕ ∥ϕ∥1− 2pL2(R2,H) ∥f∥L2(R2,H).
Proof. For p = 2, by (17) we have
∥Tϕf∥L2(SIM(2),H) = C 12ϕ ∥f∥L2(R2,H).
For p =∞, the theorem is obtained by Hoˆlder’s inequality, indeed∣Tϕf (a, θ, b) ∣ = ∣ ∫R2 f(x) ϕa,θ,b(x)dx∣≤ ∥ϕ∥L2(R2,H) ∥f∥L2(R2,H).
Thus ∥Tϕf∥L∞(SIM(2),H) ≤ ∥ϕ∥L2(R2,H) ∥f∥L2(R2,H).
Let us show the theorem for the case 2 < p <∞,
From the two previous cases we have Tϕ is a bounded linear operator of type (2,2) with norm C
1
2
ϕ ,
and it is of type (2,∞) with norm bounded by ∥ϕ∥L2(R2,H),
Therefore Riesz-Thorin interpolation theorem ([17], Thm. 2.1) guarantees that
Tϕ is bounded from Lpα (R2,H)) in Lqα (SIM(2),H) with normMα such thatMα ≤ (C 12ϕ )1−α∥ϕ∥αL2(R2,H),
whith 1
pα
=1−α
2
+ α
2
= 1
2
, 1
qα
= 1−α
2
+ α∞ = 1−α2 , 0 < α < 1,
Thus pα=2, and by taking p = qα, i.eα= 1−2p
we get Tϕ is of type (2, p), 2<p <∞, with normMα bounded by C 1pϕ ∥ϕ∥(1− 2p )L2(R2,H). ◻
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4 Uncertainty Principles for the Two- Dimensional Continuous quater-
nion Wavelet Transform
In this section we will prove the famous Heisenberg-Weyl’sUP, and its logarihmic version for the CQWT.
Moreover, we establish Hardy’s theorem in the setting of the CQWT.
4.1 Heisenberg-Weyl’s uncertainty principle
It is known that Heisenberg-Weyl’s UP for the two-sided QFT states that a nonzero quatenion algebra-
valued function and its QFT cannot both be sharply localized [7].
In what follows, we will extend the validity of the Heisenberg-Weyl’s inequality for the CQWT.
Lemma 4.1. Let Let ϕ be a quaternion admissible wavelet, with F e1,e2 {ϕ (r−θ (.))} ∈ R +Re2,
If f, ∂
2
∂2
b1
f ∈ L2(R2,H)
Then
∫
SO(2)
∫
R+
∥ξlF e1,e2{Tϕf (a, θ, .)}∥2L2(R2,H)dµ = Cϕ∥ξlfˆ∥2L2(R2,H). l = 1,2, (4.1)
Proof.
For l = 1, we have
∫SO(2) ∫R+ ∥ξ1F e1,e2{Tϕf (a, θ, .)}∥2L2(R2,H)dµ
∫
SO(2)
∫
R+
∫
R2
ξ21F e1,e2{T
ϕ
f(a, θ, b)}(ξ)F e1,e2{T ϕf (a, θ, b)} (ξ)dξdµ (4.2)
By using (2.8), we obtainF e1,e2{ ∂2
∂2
b1
f (a, θ, b)} (ξ) = − (2pi)2ξ21F e1,e2{f (a, θ, b)} (ξ),
Then (4.2) becomes
∫SO(2) ∫R+ ∥ξ1F e1,e2{Tϕf (a, θ, .)}∥2L2(R2,H)dµ= ∫SO(2) ∫R+ ∫R2 F e1,e2{ − 1(2pi)2 ∂2∂2b1 Tϕf(a, θ, b)}(ξ)F e1,e2{T ϕf (a, θ, b)} (ξ)dξdµ
=∫SO(2) ∫R+ ∫R2 − 1(2pi)2 ∂2∂2b1 Tϕf(a, θ, b)Tϕf (a, θ, b)dbdµ (Using (2.9) )
=∫SO(2) ∫R+ ∫R2 − 1(2pi)2 ∂2∂2b1 [∫R2 f(x) ϕa,θ,b(x)dx ][∫R2 f(y) ϕa,θ,b(y)dy]dbdµ
(By (3.4))
=∫SO(2) ∫R+ ∫R2 − 1(2pi)2 ∂2∂2b1 [∫R2 fˆ(ξ) ϕ̂a,θ,b(ξ)dξ ][∫R2 fˆ(η) ϕ̂a,θ,b(η)dη]dbdµ
(by using (3.4) again)= a2 ∫SO(2) ∫R+ ∫R2 − 1(2pi)2 ∫R2 fˆ(ξ) ∂2∂2b1 [ae−2piξ1b1e1F e1,e2 {ϕ(r−θ (.))} (aξ)e−2piξ2b2e2]dξ×∫R2 e−2piη1b1e1F e1,e2 {ϕ(r−θ (.))} (aη) e−2piη2b2e2 fˆ(η)dη]dbdµ
(by applying (3.3))
= a2 ∫SO(2) ∫R+ ∫R2 − 1(2pi)2 [∫R2 fˆ(ξ)e2piξ2b2e2 F e1,e2 {ϕ(r−θ (.))} (aξ) ∂2∂2b1 [e
2piξ1b1e1]dξ
×∫R2 e−2piη1b1e1F e1,e2 {ϕ(r−θ (.))} (aη) e−2piη2b2e2 fˆ(η)dη]dbdµ
=∫SO(2) ∫R+ ∫R2 ξ21[∫R2 fˆ(x)e2piξ2b2e2F e1,e2 {ϕ(r−θ (.))} (aξ)e2piξ1b1e1dξ
×∫R2 e−2piη1b1e1F e1,e2 {ϕ(r−θ (.))} (aη) e−2piη2b2e2 fˆ(η)dη]db a−1dadθ
=∫SO(2) ∫R+ ∫R2 ∫R2 ξ21fˆ(ξ)F e1,e2 {ϕ(r−θ (.))} (aξ)[ ∫R e2pi(ξ1−η1)b1e1db1 ∫R e2pi(ξ2−η2)b2e2db2]
×F e1,e2 {ϕ(r−θ (.))} (aη) fˆ(η)dηdξa−1dadθ.
Where we assume that F e1,e2 {ϕ (r−θ (.))} ∈ R +Re2, i.e F e1,e2 {ϕ (r−θ (.))} commute with e2.
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Moreover, as ∫R e2pi(ξl−ηl)bleldbl = δ(ξl − ηl), for l=1,2.
We obtain ∫SO(2) ∫R+ ∥ξ1F e1,e2{Tϕf (a, θ, .)}∥2L2(R2,H)dµ
Fubini
= ∫R2 ∣ξ1fˆ(ξ)∣
2[∫
R+
∫
SO(2)
∣F e1,e2 {ϕ(r−θ (.))} (aξ)∣2dθa−1da]dξ
= Cϕ∣ ξ1fˆ(ξ)∣2L2(R2,H). (Cϕ is a real constant)
For l = 2, the argument is similar to the one used for l = 1.
The proof is complete. ◻
Lemma 4.2. Under the same conditions as in Lemma 4.1, one has
∫
SO(2)
∫
R+
∥∣ξ∣F e1,e2{T ϕf (a, θ, .)}∥2L2(R2,H)dµ = Cϕ∥∣ξ∣ fˆ∥2L2(R2,H).
Proof. We have
∫SO(2) ∫R+ ∥∣ξ∣F e1,e2{Tϕf (a, θ, .)}∥2L2(R2,H)dµ = ∫SO(2) ∫R+ ∫R2 ∣ξ∣2 ∣F e1,e2{T ϕf (a, θ, .)} (ξ)∣2dξdµ
=∫SO(2) ∫R+ ∫R2 (ξ21+ξ22) ∣F e1,e2{Tϕf (a, θ, .)} (ξ)∣2dξdµ
= Cϕ ∫R2 ξ21 ∣fˆ(ξ)∣2dξ +Cϕ ∫R2 ξ22 ∣fˆ(ξ)∣2dξ
(by linearity of the integral, and (21))
= Cϕ ∫R2 ∣ξ∣2∣fˆ (ξ)∣2dξ= Cϕ∥∣ξ∣ fˆ∥2L2(R2,H). ◻
The following proposition is HeisenbergWeyl’s inequality related to the two-sided QFT, it is a general-
ization of the inequality obtained, in the remark on page 12, in [7], for f ∈ S(R2,H) with ∥f∥R2,H = 1 .
The proof is quite similar to the one of Thm. 4.1 in [8] and will be omitted.
Proposition 4.3. ([7], Heisenberg-Weyl’s UP associated with two-sided QFT
Let f ∈ S(R2,H), we have
∥∣t∣ f∥2L2(R2,H) ∥∣ξ∣ fˆ∥2L2(R2,H) ≥ 116pi2 ∥f∥4L2(R2,H). (4.3)
Theorem 4.4. (Heisenberg-Weyl’s UP associated with CQWT)
For ϕ ∈ S(R2,H) satisfying the admissibility condition (3.1), with F e1,e2 {ϕ (r−θ (.))} ∈ R +Re2.
For every f ∈ S(R2,H), such as ∂2
∂2
b1
f ∈ L2(R2,H). We have the following inequality:
∥∣b∣ Tϕf∥L2(SIM(2),H)∥∣ξ∣ fˆ∥L2(R2,H) ≥ 1√Cϕ4pi ∥Tϕf∥2L2(SIM(2),H).
Proof. Firstly we note that f,ϕ ∈ S(R2,H) implies that Tϕf (a, θ, .) ∈ S(R2,H).
Replacing f by Tϕf (a, θ, .) in (4.3), we get
[∫
R2
∣b∣2∣Tϕf (a, θ, b)∣2db] 12 [∫
R2
∣ξ∣2∣F e1,e2{Tϕf (a, θ, b)} (ξ)∣2dξ] 12 ≥ 1
4pi
∫
R2
∣Tϕf (a, θ, b) ∣2db,
Integrating both sides of the above inequality with respect to the Haar measure dµ, we have
∫
SO(2)
∫
R+
[∫
R2
∣b∣2∣Tϕf (a, θ, b)∣2db] 12 [∫
R2
∣ξ∣2∣F e1,e2{Tϕf (a, θ, b)} (ξ)∣2dξ] 12dµ ≥ 1
4pi
∥Tϕf∥2L2(SIM(2),H),
Using the quaternion Scwartz’s inequality, we can write,[∫SO(2) ∫R+ ∫R2 ∣b∣2∣Tϕf (a, θ, b)∣2dbdµ] 12 [∫SO(2) ∫R+ ∫R2 ∣ξ∣2∣F e1,e2{Tϕf (a, θ, b)} (ξ)∣2dξdµ] 12≥ 1
4pi
∥Tϕf∥2L2(SIM(2),H),
By applying lemma 4.2[∫SO(2) ∫R+ ∫R2 ∣b∣2∣ Tϕf (a, θ, b)∣2dbdµ] 12 √Cϕ∥∣ξ∣ fˆ∥L2(R2,H) ≥ 14pi ∥Tϕf∥2L2(SIM(2),H),
As the first term in the above expression is L2(SIM(2),H)-norm, we finally obtain
∥∣b∣ Tϕf∥L2(SIM(2),H)∥∣ξ∣ fˆ∥L2(R2,H) ≥ 1√Cϕ4pi ∥Tϕf∥2L2(SIM(2),H).
The proof of theorem 4.4 is complete. ◻
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4.2 Logarithmic uncertainty principle
Based on the classical Pitt’s inequality, Beckner [3] proved the logarithmic version of Heisenberg’s UP.
Recently this principle has been carried out for different two-dimensional time-frequency domain trans-
forms [7, 2, 19]. Here, we derive the logarithmic inequality in CQWT domains.
Lemma 4.5. (Quaternion Fourier representation of the CQWT)
Let ϕ be a quaternion admissible wavelet, and f ∈ L2 (R2,H) . If we assume that fˆ is R+Re2-valued, one
has
F e1,e2{Tϕf (a, θ,−b)} (ξ) = aF e1,e2{ϕ(r−θ(.)} (aξ) fˆ (ξ) . (4.4)
Proof. We have by (3.4), (2.9) and (3.3)
Tϕf (a, θ, b) = ∫R2 fˆ(ξ) ϕ̂a,θ,b(ξ)dξ
= a ∫R2 fˆ(ξ) e2piξ2b2e2 F e1,e2 {ϕ(r−θ (.))} (aξ)e2piξ1b1e1dξ.
Hence by (2.1), we have
Tϕf (a, θ, b) = a ∫R2 e−2piξ1b1e1F e1,e2 {ϕ(r−θ (.))} (aξ) e−2piξ2b2e2 fˆ(ξ)dξ.
Using the assumption, that fˆ ∈ R + Re2 which means that fˆ commute with e2, we obtain by (2.7)
Tϕf (a, θ,−b) = aF−e1,−e2 {F e1,e2 {ϕ(r−θ (.))} (aξ)fˆ (ξ)} (b).
Due to the Linearity of F e1,e2, and (7), we get
F e1,e2{Tϕf (a, θ,−b)} (ξ) = aF e1,e2{ϕ(r−θ(.)} (aξ) fˆ (ξ) . ◻
Proposition 4.6. [7], For f ∈ S (R2,H) , we have
∫
R2
ln(∣y∣) ∣F e1,e2 {f} (y)∣2dy + ∫
R2
ln (∣t∣)∣f(t)∣2dt ≥ A∫
R2
∣f(t)∣2dt. (4.5)
With A = −ln (pi) + Γ′ (1)/Γ(1), and Γ(.) is the Gamma function.
Theorem 4.7. Let ϕ ∈ S (R2,H) satisfying the admissibility condition given by (3.1), and suppose thatF e1,e2 {ϕ (r−θ (.))} commute with e2, and let f ∈ S (R2,H) .
If we assume that fˆ is R +Re2, then we have
Cϕ ∫R2 ln(∣y∣)∣fˆ (y)∣2dy + ∫SIM(2) ln (∣b∣)∣Tϕf (a, θ, b) ∣2dµdb ≥ A Cϕ∥f∥2L2(R2,H).
Proof. Replacing f by Tϕf (a, θ,−.) in (4.5), we get
∫R2 ln(∣y∣)∣F e1,e2 {Tϕf (a, θ,−b)} (y)∣2dy + ∫R2 ln (∣b∣)∣Tϕf (a, θ,−b)∣2db ≥ A ∫R2 ∣Tϕf (a, θ,−b)∣2db,
As ∣q∣ = ∣q∣, for any q in H, and by change of variable in the second term on the left-hand side , and the
term on the right-hand side of the above inequality, we have
∫R2 ln(∣y∣)∣F e1,e2 {Tϕf (a, θ,−b)} (y)∣2dy + ∫R2 ln (∣b∣)∣Tϕf (a, θ, b) ∣2db ≥ A ∫R2 ∣Tϕf (a, θ,−b) ∣2db.
We now integrate both sides of this inequality with respect to the measure dµ, we obtain
∫SO(2) ∫R+ ∫R2 ln(∣y∣)∣F e1,e2 {Tϕf (a, θ,−b)}(y)∣2dydµ+ ∫SIM(2) ln (∣b∣) ∣Tϕf (a, θ, b) ∣2dµdb
≥ A∫
SIM(2)
∣Tϕf (a, θ, b) ∣2dµdb. (4.6)
We will show the following assumption
∫
SO(2)
∫
R+
∫
R2
ln(∣y∣)∣F e1,e2 {Tϕf (a, θ,−b)}(y)∣2dµdy = Cϕ∫
R2
ln(∣y∣)∣fˆ (y)∣2dy. (4.7)
Using (4.4), and straightforward computations show that
∫SO(2) ∫R+ ∫R2 ln(∣y∣)∣F e1,e2 {Tϕf (a, θ,−b)}(y)∣2dµdy = ∫SO(2) ∫R+ ∫R2 ln(∣y∣)∣aF e1,e2{ϕ(r−θ(.)} (ay) fˆ (y) ∣2dµdy
=∫R+ ∫SO(2) ∫R2 a2ln(∣y∣)∣F e1,e2{ϕ(r−θ(.)} (ay) fˆ (y) ∣2 a−3dadθdy
=∫R+ ∫SO(2) ∣F e1,e2{ϕ(r−θ(.)} (ay)∣2dθa−1da ∫R2 ln(∣y∣)∣fˆ (y)∣2dy
11
=Cϕ ∫R2 ln(∣y∣)∣fˆ (y)∣2dy.
In the last equality we used (3.1). The proof of (4.7) is completed.
Inserting (4.7) into the first integral of (4.6), we obtain
Cϕ ∫R2 ln(∣y∣)∣fˆ (y)∣2dy + ∫SIM(2) ln (∣b∣)∣Tϕf (a, θ, b) ∣2dµdb ≥ A ∫SIM(2) ∣Tϕf (a, θ, b) ∣2dµdb,
Using (3.6) gives
Cϕ ∫R2 ln(∣y∣)∣fˆ (y)∣2dy + ∫SIM(2) ln (∣b∣)∣Tϕf (a, θ, b) ∣2dµdb ≥ A Cϕ∥f∥2L2(R2,H).
The result follows. ◻
4.3 Hardy’s uncertainty principle
We remind that Hary’s UP associated with the QFT asserts that is impossible for a non-zero function
and its QFT to both decrease very rapidly as it was given in [8]. Actually, we establish Hardy’s UP for
two-dimensional continuous quaternion wavelet transform.
Let us review Hardy’s UP in the quaternion Fourier transform domain as follows.
Proposition 4.8. ([8], Thm. 5.3)
Let α and β are positive constants. Suppose f ∈ L2(R2,H) with∣f (x) ∣Q = O(e−α∣x∣2), x ∈ R2.∣fˆ (y) ∣Q = O(e−β∣y∣2), y ∈ R2.
Then, three cases can occur :
(i) If αβ > pi2, then f = 0.
(ii) If αβ = pi2, then f = Ae−α∣x∣2 ,where A is a quaternion constant.
(iii) If αβ < pi2, then there are infinitely many such functions f .
Based on Proposition 4.8, we derive the corresponding Hardys UP for the CQWT.
Theorem 4.9. Let α and β are positive constants, and Let ϕ be a quaternion admissible wavelet,
Suppose f ∈ L2(R2;H) such that fˆ is R +Re2-valued, we assume that
∣Tϕf (a, θ, b) ∣ = O(e−α∣b∣2), b ∈ R2 (4.8)
and
∣fˆ (ξ)∣ = O(e−β∣ξ∣2), ξ ∈ R2 (4.9)
for α, β > 0.
Then,
(i) If αβ > pi2, then Tϕf(a, θ, .) = 0.
(ii) If αβ = pi2, then Tϕf (a, θ, b) = Ae−α∣b∣2 , where A is a quaternion constant.
(iii) If αβ < pi2, then there are infinitely many Tϕf .
Proof. Since f and ϕ are in L2(R2;H) we have Tϕf (a, θ, .) ∈ L2(R2;H) by the use of Theorem 3.13.
Then it follows from (4.4) that∣F e1,e2{Tϕf (a, θ,−b)} (ξ)∣ = a ∣F e1,e2{ϕ(r−θ(.)} (ξ)∣ ∣fˆ (ξ)∣ = a ∣F e1,e2{ϕ(r−θ(.)} (ξ)∣ ∣fˆ (ξ)∣
As the quaternion Fourier transform is isometry on L2(R2;H)) ([7], Thm. 3.2),
We have ϕ̂ ∈ L2(R2;H) therefore
12
∣F e1,e2{Tϕf (a, θ,−b) } (ξ) ∣ = O(e−β∣ξ∣2),
On the other hand, by assumption we obtain
∣Tϕf (a, θ,−b) ∣ = ∣Tϕf (a, θ,−b) ∣ = O(e−α∣b∣2),
Hence, it follows from Proposition 4.8 that that
if αβ = pi2, then Tϕf (a, θ,−b)} = Be−α∣b∣2 , whit B is a quaternion constant. That is Tϕf (a, θ, b) = Be−α∣b∣2.
If αβ > pi2, then Tϕf (a, θ, .) = 0 on R2.
If αβ < pi2, then there are infinitely many such functions Tϕf (a, θ, .), that verify (4.8) and (4.9).
This completes the proof. ◻
5 Conclusion
In this paper, we developed the definition of CQWT using the Kernel of the two-sided QFT, and the
similitude group. The various important properties of the CQWT such as scaling, translation, rotation,
Parsevals identity, inversion theorem, and a reproducing kernel are established.
Using the derivative theorem, and Heisenberg-Weyl UP related to the two-sided QFT, we derived the
Heisenberg-Weyls UP associated with the CQWT. Finally, due to the spectral QFT representation of
CQWT and based on the logarithmic UP and Hardy’s UP for the two-sided QFT, the forms associated
with these UPs have been proved in the CQWT Domain.
With the help of this paper, we hope to introduce an extension of the wavelet transform to Clifford algebra
by means of the kernel of Two-sided Clifford Fourier transform defined by Hitzer in [16]. The investigation
on this topic will be reported in a forthcoming paper.
Table I. Properties of continuous quaternionic wavelet transform Tϕ of quaternion functions
f, g ∈ L2(R2,H), ϕ is in AQW , λ,µ ∈ H, (a, θ, b) ∈ SIM (2) , c ∈ R2, α ∈ R/{0}, rω is a rotation,
and Cϕ is the positive constant related to the admissibility condition.
Property Function CQWT
Left linearity
Translation
Scaling
Rotation
Plancherel
Parseval
(λf + µg) (a, θ, b)
f (a, θ, b − c)
f (α.) (a, θ, b)
f(rω.) (a, θ, b)
Cϕ(f, g)L2(R2,H)√
Cϕ ∥f∥L2(R2,H)
λTϕf (a, θ, b)+µT ϕg (a, θ, b)
Tϕf (a, θ, b − c)
1
α
Tϕf (α.) (αa, θ,αb)
Tϕf (a, θ + ω, rω (b))< Tϕf,Tϕg >L2(SIM(2),H)∥Tϕf∥L2(SIM(2),H)
Some important properties of the CQWT are summarized in Table 1.
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